The partition function, Q, of water is calculated by explicit summation of ϳ200 000 vibrationrotation levels computed using variational nuclear motion calculations. Temperatures up to 6000 K are studied. Estimates are obtained for the heat capacity (C p ), the Gibbs enthalpy factor ͑gef͒, the Helmholtz function ͑hcf͒, and the entropy (S) of gas-phase water as a function of temperature. To get converged results at higher temperatures it is necessary to augment the accurate list of energy levels. This is done using estimates for all the vibrational band origins to dissociation and rotational levels calculated using Padé approximants. The widely used method of computing the internal partition function as the product of vibrational and rotational partition functions is tested and found to overestimate the partition function by up to 10%.
I. INTRODUCTION
Data on the thermodynamic behavior of water at high temperature is important for modeling combustion, exhaust gases, and the atmosphere of cool stars to give but a few of the examples. This data is very difficult to obtain from laboratory measurements and standard compilations 1,2 rely heavily on theoretical estimates.
In principle, it should be possible to determine the internal partition function of water, and hence other thermodynamic properties, by explicit summation of the energy levels of the system. However, despite very significant advances in analyzing water spectra, only about 8000 energy levels of H 2 16 O have thus far been determined from experimental data. 3 This is far too few levels to give an accurate partition function at temperatures greater than a few hundred Kelvin. At higher temperatures it is, therefore, necessary to resort to theoretically determined energy levels to get the sums to converge.
There are two aspects which determine the accuracy of theoretically determined energy levels: The accuracy of the potential-energy surface used and the reliability of the model used to determine the levels from a given surface. Both of these steps have been the subject of systematic investigations. [4] [5] [6] [7] Since these studies, there have been major advances in the determination of very high accuracy effective potential-energy surfaces for water from spectroscopic data. [8] [9] [10] Furthermore, variational nuclear motion calculations have been developed to the point where large-scale computations of energy levels, and associated transition data, have been performed. [10] [11] [12] In this paper we use energy levels obtained from very extensive variational calculations 13 on a high accuracy spectroscopically determined potential 9 to determine the partition function of H 2 16 O up to 6000 K. Corresponding estimates for other important thermodynamic properties are also obtained.
A corresponding study by Neale and Tennyson 14 on the astronomically important H 3 ϩ molecular ion found that the previous estimate of the H 3 ϩ partition function was an order of magnitude too low at high temperature! Too much careful work has been performed on the water system for gross errors of this sort to be likely, but the results presented here should still represent a significant improvement over previous estimates of the data in the high temperature (T Ͼ2000 K) region.
II. METHOD A. General considerations
It is standard to express the partition function, Q, as a product of translational and internal contributions QϭQ trans Q int . ͑1͒
Here we follow the universal assumption that the translational partition function can be obtained from the perfect gas formula. 6 We, therefore, concentrate on the internal partition function which itself is usually expressed as a product
where Q e represents the contribution from excited electronic states to the partition function. As for water excited electronic states lie well above the dissociation energy of the system, Q e is assumed to be unity. Martin et al. 6, 15 found this to be a safe approximation for water but not for other systems, such as NH 2 , which have low-lying electronic states. It is also common to assume that the vibrationrotation partition function Q vr can be expressed as a product of separate vibrational and rotational partition functions, Q v and Q r , respectively. This is an approximation we test below.
The vibration-rotation partition function as a function of temperature, T, can be obtained by explicit summation of the vibration-rotation energy levels of the system
where k is Boltzmann's constant. The energy of the ith level relative to the vibration-rotation ground state is given by E i and its degeneracy by g i . For water in a state of total rotational angular momentum, J, g i is given by (2Jϩ1) times the nuclear spin factor, g n .
For H 2 16 O the nuclear spin states are occupied in a 3:1 ratio corresponding to the so-called ortho and para states. Results given below used g n ϭ 3 4 and 1 4 , respectively, for the ortho and para nuclear spin degeneracy factors. This factor is the one generally employed by astronomers although workers in some other areas use nuclear spin degeneracy factors of 3 and 1. The difference between the two conventions is whether a separated H-atom is assumed to have a nuclear spin degeneracy factor of 2 or 1.
In principle the sum in Eq. ͑3͒ runs over all vibrationrotation states of the molecule. In practice it has usually been necessary to truncate this sum according to some suitable criterion. Below we explore methods of, at least approximately, accounting for all truly bound vibration-rotation states in the molecule. This raises the question of what, if any, role is played by the quasi-bound states of the molecule. Since we have essentially no information about these states, we have simply neglected them and neglected any energy level which lies above dissociation. A similar procedure was used by Irwin to derive high-temperature partition functions for diatomics. 16 In order to obtain temperature-dependent estimates of various thermodynamic quantities it is necessary to obtain the first and second derivative of the partition function with respect to temperature. In principle these could be obtained by differentiating Q(T), but a numerically more reliable procedure is to analytically differentiate the right-hand-side of Eq. ͑3͒ and then perform the summation. One can write the first and second moments of the partition function as 6 QЈϭT dQ dT
In terms of these quantities, the internal contribution to the ideal gas thermodynamic functions Gibbs enthalpy function ͑gef͒ and the Helmholtz function ͑hcf͒, are given by the expressions 1, 6 gef͑T ͒ϭϪ
where the functions are expressed, as in JANAF, 1 relative to a the reference point of the Helmholtz function at a temperature of 298. 15 6 Differences of this magnitude have some effect on the results at low temperatures (Tр1000 K) but are negligible at the higher temperatures which are our main concern here. It is not possible to determine an exact value for E 0 from the data of Woolley, 4 so in comparisons presented below his results for G(T) and H(T) were shifted using a value of E 0 ϭ9902 J mol
Ϫ1
. Corresponding expressions for the entropy (S) and specific heat at constant pressure (C p ) are 6 
S͑T ͒ϭR
QЈ Q ϩR ln Q, ͑8͒ C p ͑ T ͒ϭR ͫ QЉ Q Ϫ ͩ QЈ Q ͪ 2 ͬ .
͑9͒
Expressions for the translational contribution to the partition function, and other thermodynamic properties, for an ideal gas are standard. 1 It should be noted that the specific heat depends on the difference between the second moment and the square of the first moment. This makes this property particularly sensitive to convergence of any summation used to estimate the partition function. The results presented below illustrate this behavior.
B. Energy levels
The main source of energy levels for the summations ͑3͒-͑5͒ is a calculation by Viti and Tennyson. 13, 17 This calculation was performed to produce a comprehensive linelist, VT2, of water transitions suitable for modeling radiative transport in the atmosphere of cool stars and other hot bodies. The results of the calculation will be presented elsewhere 17 and only a brief summary is given here. The VT2 linelist was generated by performing nuclear motion calculations on the experimentally determined potential-energy surface of Polyansky, Jensen, and Tennyson, 9 known as PJT2. The calculations were performed in Radau coordinates using a full discrete variable representation ͑DVR͒ of the vibrational coordinates as implemented in the DVR3D program suite. 18 The calculation produced estimates for all H 2 16 O energy levels below 30 000 cm Ϫ1 above the ground state up to a given value of the total rotational angular momentum, J. In this work we used energy levels for all rotational states with Jр35, giving a list of about 200 000 levels. The PJT2 potential reproduced all the experimentally determined energy levels with Jр14 known at the time of its construction with a standard deviation of only 0.6 cm
Ϫ1
. Low-lying levels, which are particularly important for determining properties at low temperature, are reproduced much better than this.
As will be discussed below, the VT2 linelist does not contain enough energy levels to fully converge the partition function at higher temperatures. It was not considered worthwhile to extend the comprehensive nuclear motion calculations to higher energies. These calculations are computationally expensive and the absence of a reliable potential-energy surface at these high energies makes it hard to justify such calculations. Instead an alternative procedure, used successfully for H 3 ϩ , 14 was employed. For high energy or rotational angular momentum, energy levels were obtained as
Estimates for the higher vibrational band origins, E v , were obtained from the recent calculation of Mussa and Tennyson ͑MT͒. 19 MT computed all the vibrational band origins of H 2 16 O for the ab initio potential of Ho et al. 20 These calculations were performed with a parallel version of the DVR3D program, PDVR3D. 21 MT obtained 1053 bound vibrational states with Jϭ0 below 39 821.1 cm
, of which 631 lie at energies 30 000 cm Ϫ1 or more above the ground state. In fact MT have also performed some calculations which obtained all the bound states for certain rotationally excited states of water. However, these calculations are at present limited and we only used their Jϭ0 results. A full description of MT's calculations will be presented elsewhere. 19 To obtain energy estimates, E r , for rotationally excited levels not in the VT2 linelist, we used a simple, effective Hamiltonian expression for the rotational energy levels
This Padé approximant form, which is due to Polyansky, 22 has the advantage over standard forms that it does not diverge at high values of J. It is, however, fairly crude and makes no allowance for splitting between levels with the same value of K (ϭK a ) but differing in K c . Such splittings are small, especially for most high J states. We used the constants fitted by Polyansky 22 for the ground state of water. These constants have the feature that levels with KϭJ are too low at high J and, in fact, converge to a value below the dissociation energy. We, therefore, arbitrarily truncated our calculations at Jϭ71, the last value of J for which the K ϭ0 level is bound.
C. Summation procedure and error analysis
Our temperature-dependent partition function is obtained using a sum of the form of Eq. ͑3͒ but split into two regions. For levels lying below some energy cutoff, E max and rotational cutoff, J max , the VT2 levels were used. For levels outside this range, the E vr value estimated above were used. The sum over estimated levels was truncated such that only energy levels for which E vr ϽD 0 were included. For this work we used a value for the dissociation energy, D 0 , of 39 821.1 cm
Ϫ1
. This value was estimated from the results of Ho et al. 20 and is approximately 1000 cm Ϫ1 lower than the accepted experimental value. This difference arises because the ab initio data fitted by Ho et al. is, of course, not exact.
Our high-temperature (Tϳ6000 K) results almost certainly show some sensitivity to the choice of D 0 , but this is not something that we have explored.
Our best results are obtained using the values E max ϭ30 000 cm Ϫ1 and J max ϭ35 which specify the limits of the VT2 energy levels used here. However, to help estimate the error introduced by using the approximate E vr energy levels a series of calculations were performed which tested the effect of reducing either E max or J max . Figure 1 illustrates the convergence of our partition function at Tϭ4500 K as a function of varying E max or J max . Table I summarizes the estimated percentage error for the partition function and other computed thermodynamic properties as a result of these tests. No results are presented in Table I for T Ͻ3000 K as the use of approximate energy levels at high energy or J introduces no significant error in any of the quantities we compute at these temperatures.
While truncation of summation ͑3͒ will usually lead to an underestimate of the partition function, and associated quantities, especially at higher temperatures, this was not found to be so for our calculations which used approximate E vr energy levels. Lowering of J max , to which our results were more sensitive than E max , led to an overestimate of the partition functions at all temperatures. This appears to be a general problem with effective Hamiltonian representations of rotational motion and should be remembered when comparing with previous results, all of which used effective Hamiltonians for all energy levels. It should be noted that the errors referred to in Table I only refer to errors introduced due to our use of energy estimates to top up the incomplete VT2 energy levels. Other, systematic errors, due to such factors as the ͑minor͒ inaccuracies in the VT2 levels or value of the dissociation energy, are harder to estimate. However, one would expect errors introduced by any inaccuracy in the VT2 levels to be most significant at lower temperatures, where the partition function and other properties are more strongly dependent on the correct representation of relatively few levels. As demonstrated below, at low temperature our results are in very good agreement with previous estimates, especially those due to Woolley. 4 This suggests that there is no significant problem with the accuracy of the VT2 levels.
III. RESULTS AND DISCUSSION
Tables II-VI give the main results of this work. Comparison is made with the available high temperature data from previous work. It should be noted that the JANAF 1 results quoted in Tables III-VI are for water in its natural abundance whereas our results, as well as those quoted from Woolley, 4 Irwin, 2 and Martin et al., 6 are for pure H 2 16 O. In practice this only leads to very minor differences; a direct measure of these differences for Tр3000 K is given by Martin et al. 6 Martin et al. found that the differences depend only very weakly on temperature and are less than 0.01 J K Ϫ1 mol Ϫ1 for gef and S, 0.001 J K Ϫ1 mol Ϫ1 for C p , and 0.06 kJ mol Ϫ1 for hcf. Compared with other differences between the various calculations discussed below, these differences are negligible.
There seems to be little published data on the hightemperature partition function of water available in the literature. The most extensive appears to be due to Irwin 2 who produced a fit based on the partition function data of McBride et al. 23 updated with modern ͑JANAF 1 ͒ physical constants. Irwin's fit is only valid for 1000 KрTр6000 K, but in this range the agreement with our internal partition function is remarkable. Table II shows that over this range the two partition functions agree to within the error estimates of both works and at most temperatures, much better than this.
Of course the Gibbs enthalpy function, gef, can also be used to give a measure of the partition function. Comparisons, see Table III , with previous work suggest that our ͑and Irwin's͒ partition function is somewhat lower at high temperature than those of the other studies discussed here. Reasons for this are given below.
For some applications it is useful to have the partition function as a function of temperature represented in analytic form. We have, therefore, fitted our results to the following function: A fit in the range Tϭ100 to 6000 K in steps of 100 K gave a 0 ϭϪ14.238 480 506 262 7, a 1 ϭ38.053 702 726 924 3, Tables III, IV , V, and VI give results for the Gibbs enthalpy function ͑gef͒, the Helmholtz function ͑hcf͒, the entropy (S), and specific heat (C p ), respectively. In general our results are in good agreement with previous studies up to intermediate temperatures (Tр2000 K), with particularly good agreement being obtained with the results of Woolley to about 4000 K. In general the agreement between the various results for C p are worse than for the other quantities, although our results remain in excellent accord with those of Woolley up to 4000 K.
In order to discuss the differences between the various models considered here, it is necessary to understand how the results of the previous works quoted were constructed. The JANAF 1 data is the standard input for many models. Therefore, considerable care has been taken in making this compilation. The 1985 JANAF compilation for gas-phase water quoted here used preliminary results due to Woolley ͑see below͒ for S(T) and C p (T) below 2000 K. Between 2000 and 5000 K, C p was obtained from the calculations of Friedman and Haar. 25 Friedman and Haar's 1954 calculation represented a pioneering use of electronic computers but cannot be considered accurate by today's standards. Above 5000 K JANAF's C p is simply a linear extrapolation of the Friedman and Haar data. It is not explicitly stated how the other data for gaseous water given in JANAF was obtained.
Martin et al. 6 used various potential-energy surfaces to obtain constants which were then used to compute separate vibrational and rotational partition functions. The vibrational partition function used harmonic plus leading anharmonic terms to represent the vibrations; the rotational partition function used a conventional rigid-rotor based effective Hamiltonian expansion. It is well-known that such expansions are divergent for water at relatively low J. 22 Martin et al. ''best'' results, which are the ones quoted here, were based on constants from their own ab initio calculations. Strongly suggestive of cancellation of errors is that they obtained significantly worse results when they used a more accurate, empirically determined, potential due to Jensen. 26 Table II compares our partition (Q vr ) with one calculated from the same energy level data but as a product of vibrational and rotational partition functions (Q v ϫQ r ). It shows that this product is not reliable except at the lowest temperatures. Indeed at 3000 K, Q vr is 10% less than Q v ϫQ r . This error is enough to account for the differences between our data and Martin et al., although it should be noted that their perturbative treatment of rotational motion is also likely to have led to an overestimate of the rotational partition function.
Woolley's 4 and Topper et al. 7 are the only previous studies which appear not to have assumed that the partition function can be represented as a product of vibrational and rotational parts. Woolley recognized that the rotational ex- pansions are potentially divergent and treated these in tandem with the bending motion. He parameterized his expressions using empirically derived constants. He used two different sets of constants to give two sets of results, the ''1982'' and ''1984'' versions. Rather than claiming one set to be superior, he states that the two sets give an error estimate for his procedure. For this reason we quote both sets of his results. Woolley's procedure for treating nuclear motion would seem to be significantly better than the others with which we compare. It is, therefore, not surprising that we obtain much better agreement with his results. However there is one aspect of Woolley's work which is somewhat surprising. His sums include a very large number of vibrational states, over 13 000 at the highest temperatures. Our explicit Jϭ0 calculations suggest that water has a little over a 1000 bound vibrational states. Although it is possible that this figure is an underestimate, it cannot be an order of magnitude too low. It would appear that Woolley ignored the possibility that water dissociates. Woolley's high-temperature data, he quotes results up to 10 000 K cannot, therefore, be considered reliable.
From these comparisons it is reasonable to suppose that our estimates of the high-temperature behavior of the various thermodynamic functions of water considered here are much the most accurate available. The hardest property to treat is the specific heat, C p , which is obtained as the difference between first and second derivates of the partition function. For this reason C p is particularly sensitive to convergence of the partition function. Above 4500 K we were unable to estimate an error in our value for C p because of the sensitivity to convergence. Indeed our value of C p begins to drop above 4700 K. This feature is almost certainly an artifact of our calculation and work clearly remains to be done to determine accurately the specific heat of water at very high temperature.
IV. CONCLUSIONS
We have used a large, accurately determined dataset of vibration-rotation energy levels for water to determine the partition function and related thermodynamic properties for steam at high temperatures. Our calculations show that previous approximations, particularly the separation of vibrational and rotational partition functions, and the use of effective Hamiltonian expansions for rotational motions, leads to overestimates of the partition function at high temperature.
The results presented here, therefore, represent a significant improvement on previous data, although work remains to be done obtaining accurate high-temperature values for the specific heat of water.
